Focal Green's functions for fourth-order differential equations  by Peterson, Allan C
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 75, 602-610 (1980) 
Focal Green’s Functions for Fourth-Order Differential Equations 
ALLAN C. PETEWON 
University of Nebraska, Lincoln, Nebraska 68588 
Submitted by J. P. LaSalle 
In this paper we will mainly be concerned with the fourth-order differential 
equations (see [1, 5, 61) 
P4W h(4 (k-9 (&9 hc4 YYYY)’ = J!P(x> YP (1) 
where pi(x) > 0, i = 0, 1,2, 3,4, p(x) > 0 on [a, b] and are continuous on 
[a, b], h = il. 
Our main result is that if (1) is disfocal on [a, 61, then the Green’s functions 
for the two-point focal-type boundary-value problems are of constant sign on 
(a, b) x (a, b). The constancy of sign of various quasi derivatives of these 
Green’s functions is also considered. 
To be more general at the outset we consider the nth-order differential equa- 
tion 
h(X) h-164 (.‘. (POW Y)’ . ..)‘Y = %wY~ (2) 
where the coefficients satisfy the corresponding conditions as in (1). 
The adjoint differential equation of (2) is (see [5]) 
POW (PIW ( ‘. M4 4’ .I’)’ = (- 1)” Mx) w* (3) 
Define quasi derivatives D, , D, 1 by 
QY = P&)Y, &Y = POX) & Q-,Y> k = I,..., n, 
D,,+w = pn(x) w, D,+w = p,-&) & D;-,w, k = I,..., n. 
Let z = (z, ,..., q-1), I, E {a, b}, i = 0, l,..., n - 1, be an n-vector and lr = 
(1, 0 ,..., 0) ,..., I,, = (0 ,..., 0, 1). Then we define the operator L, on A”[a, b] = 
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In a similar manner we define L,+ by 
72-l 
L,+(W) = 1 D,+W(Zi)lf+l * 
i=O 
If at least two components of z are distinct, then the boundary-value problem 
QJ’ - @(x).y = h(x), 
-L(Y) = w 
is called a focal boundary-value problem. If this focal boundary-value problem 
has a unique solution for each w E [a, 6]“, then we say that D,y - Ap(x) y = 
h(x) is a-disfocal. If (2) is z-disfocal for all z E [a, 6]“, then as in [5] we say that (2) 
is disfocal on [a, b]. 
Fix t E [a, b] and let U&V, t) be the normalized solution of (2) satisfying 
D&t, t) = 6,, , j = 0 ,..., n - 1 (8, is the Kronecker delta), K = 0 ,..., n - 1. 
Let wk(x, t) be the solution of (3) satisfying D,+w,(t, t) = a,, , j = O,..., n - 1, 
K = O,..., n - 1. By the same proof as that for (5) in [4], we get that 
D,u,(s, t) = (-l)‘+’ D:+rwn+r(t, s), (4) 
P, q = b, rz - 1, s, t E [a, b]. This formula is used repeatedly in the proof of 
Theorem 4. 
Let G&v, s) be the Green’s function for the z-focal point boundary-value 
problem 
Q,Y - A~64 Y = 44 (h E C[a, 4h 
L,y = 0, 
where z E [a, 61” has at least two distinct components. Similarly GZ+(x, s) is the 
Green’s function for the boundary-value problem 
D,+w - (-l)n A+) w = h(x), 
L,w = 0. 
If (2) is z-disfocal, then G,(x, s) exists. We give the following lemma without 
proof. One can easily check that this is the Green’s function by showing that the 
basic properties (see [2, p. 1051 for the classical linear equation) which uniquely 
determine the Green’s function are satisfied. By D,G,(x, s) we mean 
DoG,(x, 4 = PO(X) G&G 4 
Q&,(x, 4 = P&> ; %--1G&, s>v k = l,..., n. 
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LEMMA 1. Assume (2) is z-disfocal, where ztl = ... = 4, = b and the other 
components of z are a. Then the Green’s function G,(x, s) exists and is given by 
Gz(x, 4 = & 
n 
DEFINITION. Let z = (z,, ..., znP1), v = (v,, ..., v,-i) be n-vectors whose 
components are all a or b with at least two distinct components. We say that x, v 
are dual vectors provided zi = a iff v,+-~ = b. 
It is easy to see that if z, v are dual vectors, then the boundary-value problems 
(2) L,y = 0 and (3), L,,+w = 0 are adjoint boundary-value problems. It is 
then a standard argument to prove the next result. 
LEMMA 2. Let x, v be dual vectors. If (2) is z-disfocal then (3) is a-disfocal and 
G,(x, s) = (-l)n Gr+(s, x), 
x, s E [a, b] x [a, b]. 
We will frequently use the following lemma, which we state without proof 
(see the paragraph following Theorem 7.2 in [5]). 
LEMMA 3. If (2) is disfocal on [a, b], then the minors of the Wronskiun deter- 
minant 
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are nonzero in (a, b] when s = a and nonzero in [a, 6) when s = b. The sign can be 
determined by considering zero conditions at a and b, respectively. 
We now state our main result. Instead of the notation G~,O,Z1,Zs,rS~(~, s) for 
brevity write G zoz1zzz8(x, 4 for the G reen’s function for the boundary-value 
problem 
4~ - UP Y = h(x) (h E 0, 4, 
QY(4 = 0, i = 0, 1,2, 3. 
THEOREM 4. Assume (1) is disfocal on [a, b]. Then for h = &l, 5, s E (a, b), 
i=0,1,2,3(fori=3assumex#s), 
j=i 
where z, E {a, b}, i = 0, 1, 2, 3, but it is not true that z, = z1 = z2 = z3, with 
the following exceptions for X = 1: DBGaaab , DIGbano , DeGt,,,, , DSGbnau , 
4Gma 7 Wabaa 3 Waacm , 4Gm > Wm, > Wtmm > W,m , W,m , 
Warn 9 WIMP 5 and with the following exceptions for h = -1: DBGbbau , 
D&boa T 4Gaabb 9 QGaat,b p W,O,, y W,M , 4Gaab , 4Gaba . In all these 
exceptional cases the function changes sign. 
Proof. Of the 112 functions D,G zOzlzezg(~, s), i = 0, 1, 2, 3, h = fl, that we 
are considering in this theorem we will prove the results concerning the 16 
functions DiGbbab , DIGbabo , i = 0, 1,2, 3, h = fl. The proofs of the other 
cases are similar to one of these cases except for G,,,, , Gaabb , and Ganab (and 
the similar cases Gbaaa , Gbbaa , and Gbbba , respectively), which are considered 
in [4]. First we prove the results of this theorem concerning Gbbab . Fix s E (a, 6). 
By Lemma 1 
where 
1 
Gdxt s) = AP4(S) ub-), a<s<s<b, 
1 
= - v(x), 
AP,b) 
a<s<x<b, 
D,u,(b, a) W,(b, a) D,u,(b, 4 
A = D,u,,(b, a) D,u,(b, a) Dlu3(b, a> 
D,u,(b, a) D,u,(b, 4 D&b, 4 
%(X, 4 udx, a> udx, 4 4~ a) 
D&b, 4 Qu,(b, a) D,p,(h a) Q&b, a) 
‘(‘) = D&b, s) Qu,,(b, a) D,u,(b, a) D,u&, a> 
D,u-#, s) Q&b, a) 4u,(b, a) W-&b, 4 
(6) 
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and u(x) is the above determinant with the (1, I)-entry us(x, s) replaced by zero. 
Since p*(s) > 0 and by Lemma 3, A > 0, it suffices from (6) to determine the 
sign of o&x) for a < x < s and the sign of O,s(x) for s < N < 6 for 
i=0,1,2,3,X=fl.Notethat 
w(x) - u(x) = AZ&, s). (7) 
Since D,v(b) = D,v(b) = Q(b) = 0 it follows from (7) that D,u is a linear 
combination of D,u,(x, b) and D,u,(s, s). Set, for a < x < s, 
&4x, 6) QP,(x, 4 
“‘&) = 1 D,u,(x, b) D,u,(x, s) / ’ 
By (4) and properties of determinants 
W,(x) = j 
D,+w,(s, x) D,+w,(s, x) 
I D,+wo(h 4 D,+w,(h 4 ’ 
Hence W,(x,) = 0, a < x0 < s, iff there is a nontrivial solution V(X) of the adjoint 
equation of (1) with D,+v(s) = D,%(b) = D,+v(x,) = D,+v(x,) = 0 which 
contradicts the disfocality of the adjoint equation of (1) (see [5, Theorem 6.11). 
Hence W,(x) # 0 for a < x < s. Since IV.(s) = D,u,(s, b) > 0, we have that 
W,(x) > 0 on [a, s]. Define an operator Zr by 
I 
IJy] = ___~ D,u,@, 4 Y 
&4x, 4 P&) &4x, 4 d-4 Y’ . 
It follows from (7) that 
l,[D,u] = - LfJ wsw 
&) D,u,(x, b) = ‘(‘)’ 
Note that 4(x) < 0 on [a, s]. Since (see [3, formula (8.7), p. 641) D&a) = 0 we 
have that 
D,u(x) = /“’ K(x, T) c$(T) dr, 
-a 
where K(x, T) is the solution of &] = 0 with V(T) = 1. Since K(x, 7) > 0 on 
[a, s] we have that 
D,u(x) < 0, on [a, s]. 
Before considering the signs of D&r), D,u(x), and D&U(X) on [a, s] we will 
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determine the signs of D,w(x), D1v(x), D,a(x), and D,a(x) on [s, 61. From (7) 
we get that 
D20(u) = AD,u,(a, s) < 0. 
Since D&b) = Din(b) = Dan(b) = 0 we have by the disfocality that D&x) 
< 0 on [a, b]. Since Din(x) is decreasing on [a, b] and D,v(b) = 0 we have that 
D,zl(x) > 0 on [a, b). But then since D,z(x) is increasing and D,v(b) = 0 we 
have that Q&x) < 0 on [a, b). If X = 1 we have from (1) that D&x) < 0. 
Since D,a(b) = 0 we have D&x) > 0 on [a, b). On the other hand if A = -1 
we can easily see that Dan(x) < 0 on [a, b). Now go back to U(X). Since D&x) < 0 
on [a, s), D,u(x) is decreasing on [u, s]. But D,u(s) = &w(s) > 0, so &u(x) > 0 
on [a, s]. Since Q+(s) = D,,er(s) < 0, Q&x) < 0 on [a, s]. We now show that 
D+(u) < 0. From the determinant expression for u we get that 
By use of (4) and elementary properties of determinants we get that 
Ql+ql(s, 4 Q)+w*(s, 6) 4+w,(s, b) 
@4(u) = - D2fwo(u, b) D,fw,(u, b) D,+w,(u, b) . 
4f=J,(a, b) D,+w,(a, b) D,+w,(a, b) 
Hence D.&u) = 0 iff there is a nontrivial solution W(X) of the adjoint equation 
of (1) with Q,+w(s) = D,+w(b) = Da+w(u) = D,+w(a) = 0 which contradicts 
the disfocality of (1) on [a, 61. Hence &u(u) f 0 for a < s < b. For the 
moment think of s as varying. For s = b we get 
by Lemma 3. Hence &(a) < 0, a < s < 6. 
Now assume A = 1; then by (1) we get that D&x) < 0 on [a, s]. Since 
D&u) < 0, Q(x) < 0 on [a, s]. On the other hand if A = - 1, then D,u(x) > 0 
on [a, s]. By (7), D+(s) = Q(s) - A < 0 and so we also have that &u(x) < 0 
on [a, s] when h = -1. Therefore from these results and (6) we conclude that 
D,,Gbba&, s) < 0, DIGbbab(x, s) > 0, and ~2Gb~ab(~, s) < 0 on (a, b)2, h = *l. 
Further for X = 1, D,G,,,,(x, s) < 0 on (a, 6)2, x + s. 
Now we consider the Green’s function Gbnba(x, s). By Lemma 1 
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where this time 
and U(X) is given by the determinant obtained from V(X) by replacing the (I, I)- 
entry u,(x, s) by zero. By Lemma 3, A > 0 and so to determine the sign of 
D,G(x, s), i = 0, 1, 2, 3, it suffices from (8) to determine the sign of D,u(x) on 
(a, s] and the sign of Di o x on [s, b) for i = 0, 1, 2, 3, a < s < b. ( ) 
From the determinant expression for U(X) we get that 
Dous@, 4 Dou,(h 4 
Dou(u) = - j D,u,(b, s) D&b, a) j . 
From (4) and elementary properties of determinants we get that 
u(a) = - 
D,+w,(s, b) D,+z&, b) 
D,‘-zo,(u, b) D,+w,(u, b) * 
Hence D,u(u) = 0 iff there is a nontrivial solution W(X) of the adjoint equation of 
(1) with D,+w(s) = D,+m(u) = D,+w(b) = D,+w(b) = 0 which (after using 
Rolle’s theorem) contradicts the disfocality of the adjoint equation of (I) on 
[u, b]. Hence D,u(u) # 0, a < s < 6, where for the moment we think of s 
varying. Since 
by Lemma 3 we have for the fixed s, a < s < b, that D,u(u) > 0. By formula (7) 
(which also holds for this half of the proof) we get that D,u(b) < 0. Hence D,u 
has zero in (a, b). Since D,u(u) = D&u) = 0 we have by the disfocality of (1) 
on [a, b] that D,u(x) f 0 on [a, b]. Since by formula (7) 
D&b) = --BD,u3 (b, s)< 0, 
and we get that D.p(x) < 0 on [a, b]. It follows easily that D,u(.u) < 0 on (u, b]. 
Now consider V(X). From (7) 
D,r(u) = AD,u,(u, s) > 0. 
From the determinant expression for Z(X) we have that 
D,u,(h 4 D,uo(b, 4 D,u,(b, 4 
D,v(b) = D,u,(b, s) D,u,(b, a) D,u,(b, u) . 
D,u,(b, s) D,u,,(b, a) D,u,(b, a) 
FOCAL GREEN’S FUNCTIONS 609 
By use of (4) and elementary properties of determinants 
D,+w,(s, 4 D,+%(s, 6) DlfWS(S, b) 
D,w(b) = - D,+w,(a, b) D,+w,(u, 6) D~+w&, b) . 
D,+w,(a, b) D,+%(a, b) D,+w,(a, b) 
It follows that D,v(b) = 0 iff there is a nontrivial solution w(x) of the adjoint 
differential equation of (1) with D,+w(s) = D,+w(a) = D,+zu(u) = 0 = Q,+w@) 
which (after using Rolle’s theorem) contradicts the disfocality of the adjoint 
differential equation of (1) on [a, 61. Hence D+(b) # 0 for a < s < b. But 
is negative by Lemma 3. Hence Qer(b) < 0, a < s < b. But D,v(u) > 0, 
D,w(b) < 0 implies D,v has a zero in (a, b). Since D&b) = D,v(b) = 0, 
&J(X) # 0 on [a, bl. By (7) 
D,v(a) = AD,u.Ju, s) > 0. 
Hence D,v(x) > 0 on [a, b]. Then D,v increasing and D,v(b) = 0 imply 
D&x) < 0 on [a, b). Now Dlw decreasing and D,v(s) = Dlu(s) < 0 imply 
D,v(x) < 0 on [s, 61. It f o 11 ows easily that D&x) > 0 on [s, b). Since D&x) is 
decreasing and D&s) = D&s) > 0 we have D&x) > 0 on [a, .s]. Now assume 
X = 1; then from (1) we get D&x) > 0 on [a, s]. It follows that D+(x) > 0 on 
(a, s]. On the other hand if h = -1, one argues that D.&x) < 0 on (a, s]. In 
conclusion we have from (6) that DOGbaba(x, s) > 0, DIGa,&x, s) < 0, 
D2Gbaba(x, s) < 0 on (a, b)2. Further for h = 1, DBGbaba(x, s) > 0 on (a, b)2, 
x = s, while for X = - 1, DsGaaba(x, s) changes sign in (a, !J)~, x 9~ s. 
Using the same methods it is much easier to prove the following third-order 
result. 
THEOREM 5. Assume (2) with n = 3 is disfocul on [a, b]. Then for A = f I, 
x,s~(u,b),i=0,1,2(fori=2assumexf~), 
where zi E {a, b}, i = 0, 1,2, but it is not true that z,, = z1 = x2 , with the following 
exceptions for /\ = 1: D,G,,, , D2Gab, , DIGbaa , D2Gbaa and with the following 
exceptions for A = - 1: DIGabb , D2Gabb , L&C&,,, , D2Gb,, . In each of these excep- 
tional cases the function changes sign. 
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We have completely discussed the consistency of sign for two-point focal 
boundary-value problems for Eq. (1). Theorem 7.1 in [5] suggests that one might 
have consistency of sign of the Green’s function for three- or four-point focal 
boundary-value problems. We give an example to show that Theorem 7.1 in 
[5] is incorrect and to show that (1) is disfocal on [a, 61 does not imply G,,,, , 
a < c < d < 6, is of constant sign. Fix the differential Eq. (1). Pick 6 close 
enough to a so that (1) is disfocal on [a, 61 (see [5]). Assume a < 01 < fl < 6 and 
let y(x) be a nontrivial solution of (1) such that D,y(a) = D&or) = D,,y@) = 0. 
Because of the disfocality we can assume D&x) > 0 on (a, a) and Q-,y(x) < 0 
on (cy, 8). By Rolle’s theorem there are points c, d, e, a < c < d < e < j3, such 
that D,y(c) = L&y(d) = D,y(e) = 0. Note that the total number of zeros of 
4Y(“)! DIY(4, 4Yc4 Dd ) r x is at least six, contradicting Theorem 7.1 in [5]. 
Now pick s E (/I, 6). It is easy to see that GaedD(x, s) for the fixed s just picked is a 
nonzero constant multiple of y(L ) 1~ on [a, s]. Since y(x) changes sign so does 
Gned&, s). In a similar manner it can be shown that (1) is disfocal on [a, b] 
does not imply that any three-point or four-point focal Green’s function is of 
constant sign on (a, 6) x (a, 6). 
THEOREM 6. If the hypothesis p(x) > 0 on [a, 61 in Theorems 4 and 5 is 
replaced 6y p(x) > 0 on [a, 61 then inequalities (5) and (9) me true, respectively,if 
we replace > 6y 3. 
To see this, for example, for n = 4 consider the differential equation 
4~ = XPW + 4 Y, (10) 
where E > 0. Note p(x) + E > 0 on [a, 61 and for E > 0 sufficiently small Eq. (1) 
is disfocal on [a, 61. By using a limit argument with the Green’s functions we 
easily get the desired result. 
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